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Abstract 

For a an ordinal, we investigate the class 5P2£ a consisting of all operators 
whose Szlenk index is an ordinal not exceeding oo a . We show that each class 
S^^a is a closed operator ideal and study various operator ideal properties 
for these classes. The relationship between the classes 5?2? a and several well- 
known closed operator ideals is investigated and quantitative factorization 
results in terms of the Szlenk index are obtained for the class of Asplund 
operators. 

Introduction 

For Banach spaces, the Szlenk index is an isomorphic invariant introduced by W. 
Szlenk in [38], where an ordinal- valued index is used to show that there is no 
separable reflexive Banach space containing all separable reflexive Banach spaces 
isomorphically. Since then, the Szlenk index has found various applications in the 
study of the geometry of Banach spaces. For example, it has proved to be useful in 
the study of universality problems, linear classification of separable C(K) spaces, 
renorming theory and the Lipschitz and uniform classification of Banach spaces. 
We refer the reader to |2T] for a survey on the Szlenk index and its applications 
in the study of the geometry of Banach spaces. Quite recently, the Szlenk index 
has also found application in fixed point theory [ID] , and connections between 
the Szlenk index, metric embeddings of trees into Banach spaces and the uniform 
classification of Banach spaces are established in [I]. 

The notion of Szlenk index of a Banach space has a natural analogue for op- 
erators, and this more general setting for the Szlenk index has been considered 
by several authors, for example in (2], [3], [5j p. 68], [6J and [12]. A survey on the 
applications of the Szlenk index to the study of operators on spaces of continuous 
functions can be found in 135 1. 
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The last couple of decades have bore witness to substantial interest in the 
relationship between the geometry of a Banach space E, on the one hand, and 
the closed ideal structure of 3&(E), on the other (&(E) is the Banach algebra of 
all bounded linear operators E — > E). One of the main tools in the study of 
these relationships is the notion of a closed operator ideal. Given the increasingly 
important role that the Szlenk index plays in the study of Banach space geometry, 
we are thus prompted to consider whether there are closed operator ideals naturally 
associated with the notion of Szlenk index of an operator. We show here that the 
Szlenk index gives rise to a family of closed operator ideals S^3f a , where a is 
an ordinal. We study the operator ideal properties of the classes Sf3? a and the 
relationship of the classes S^^ a with several other operator ideals already familiar 
to analysts. 

We now outline the contents and layout of the current paper. Section [JJ contains 
most of the necessary notation and background results that we shall require. In 
Section [2] we formally introduce the classes S?3£ a , establishing them as closed 
operator ideals and investigating their relationship with the operator ideals of 
compact operators, Asplund operators and separable range operators. Section [3] is 
a discussion of some examples involving a number of well-known Banach spaces. 
In Section H] we show that every a-Szlenk operator factors through a Banach space 
of Szlenk index not exceeding u a+1 . We go on to deduce that for a proper class 
of ordinals a, 5^^ a possesses the factorization property. Section [5] is then devoted 
to establishing a similar, but negative, result. In particular, we show that for a 
proper class of ordinals a, 5^^" a lacks the factorization property. In Section [H] 
we introduce and study a class of space ideals that are of interest in determining 
whether the operator ideals have the factorization property. We conclude 

in Section [JJ with discussion of possible future directions for work related to the 
problems addressed here. 

Throughout, we rely heavily on results and techniques developed in [7J, where a 
detailed analysis of the behaviour of the Szlenk index under direct sums is carried 
out. Indeed, forming direct sums of Banach spaces and their operators is important 
to many of the results presented here. We also note that the results of Section H] 
in particular make significant use of the interpolation techniques developed by 
S. Heinrich in [To] . 

1 Preliminaries 

1.1 Notation and terminology 

The class of all Banach spaces is denoted Ban, and typical elements of Ban are 
denoted by the letters D, E, F and G. For a Banach space E and nonempty 
bounded S C E, we define j^l := sup a , g5 The closed unit ball of E is denoted 
Be-, and the identity operator of E is Ie- By an operator we mean a norm- 
continuous linear map acting between Banach spaces. The class of all operators 
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between arbitrary Banach spaces is denoted 8$, and for given Banach spaces E 



3f{v) = ((y*7 y))y*eB F ,, y & F. For a Banach space E, the canonical surjection 
onto E is the mapping £l E : ii(B E ) — > E : (a x ) xeBE Y,xeB E a * x - 

We write Ord for the class of all ordinals, whose elements shall typically be 
denoted by the lower-case Greek letters a, (3 and 7. For an ordinal a, we write 
cf (a) for the cofinality of a. For A a set, A <co shall denote the set of all nonempty 
finite subsets of A. Whenever A and T are used to denote index sets over which 
we take direct sums and direct products, we assume for simplicity that A and T 
are nonempty. 

Let 1 ^ q < 00. We say that p G {0} U [1, 00) is predual to q if it satisfies: 



For 1 ^ p ^ 00, a set A and Banach spaces E\, A G A, the £ p -direct sum 
of {E\ I A G A} is denoted (® AgA E\) p , and the co-direct sum of {E\ | A G A} is 
denoted (® XeA E\) . Throughout, for 1 < p, q < 00 satisfying p + q = pq, we 
implicitly identify (©AeA-^Op with (® AgA -E^, so that the dual of a direct sum 
is the dual direct sum of the duals of the spaces E\. Making this identification 
allows us to consider direct products of the form Y\\eK where K\ C E\ and 
(\K x \)\eA e £ q (A), as subsets of (0 AgA £ A )*. Similarly, (0 A£A -Ea)S is naturally 
identified with (^xeA^y) 1 throughout. 

We shall often consider operators T : (@ AeiA E\) p — > {@ veT F v ) p , where A 
and T are sets, {E\ \ A G A} and {F v \ v G T} families of Banach spaces and p = 
or 1 < p < 00. In this setting, for Awe denote by Un the canonical injection 
of {.®\ e nE\)p into (© AgA E\) p . For S C T, we denote by Vs the canonical 
injection of (©„ e< 5 F v ) p into (©„ gT F v ) p , and by Qs the canonical surjection of 
(©t,eT F v ) p onto (® 1)g5 F v ) p . Thus Vs and Q s act to and from the codomain of 
T respectively. 

We work within the theory of operator ideals as expounded by A. Pietsch in 
|29j . The starting point of this theory is the following definition that we shall refer 
to in the proof of Theorem I2.2L 

Definition 1.1. ([29, §1.1.1]) An operator ideal J> is a subclass of 88 such that for 
Banach spaces E and F, the components J^{E, F) := 88[E, F) C\ J? satisfy the 
following three conditions: 

(011) I K e J?; 

(01 2 ) S + T G y(E, F) whenever S, T G J{E, F). 

(01 3 ) U G 3§{D, E), T G f{E, F) and V G ^(F, G) implies VTU G ^. 

We otherwise assume the reader is familiar with the rudiments of operator ideal 
theory, and refer the reader to [29, Part I] for any unexplained notions regarding 



and F the set of all operators E — 
the canonical embedding of F is the 





if q = 1, 

if 1 < q < 00. 
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operator ideals. In particular, we assume the reader is familiar with what it means 
for an operator ideal to be closed, injective and surjective. For a given operator 
ideal J? , the closed, injective and surjective hulls of J 1 are denoted J? , J? m i and 
/ sur , respectively. We also assume knowledge of basic notions and facts regarding 
space ideals [29j P-53]. 

Well-known operator ideals that we shall be concerned with here are the com- 
pact operators J^, the weakly compact operators W , the separable range operators 
E£ and the Hilbert space-factorable operators IT^. For a Cartesian Banach space E 
(that is, E is isomorphic to its square E ® E), we denote by <Se the operator ideal 
consisting of all operators that admit a continuous linear factorization through E. 

For an operator ideal J 1 ', we denote by Space(^) the space ideal consisting 
of all Banach spaces whose identity operator belongs to J' . For a space ideal I, 
we denote by Op(l) the operator ideal consisting of all operators that admit a 
continuous linear factorization through an element of I. For operator ideals J? 
and ^ ', we say that J? has the J! -factorization property if J 1 C Op(Space(^)); 
evidently, this implies that J? C J? . An operator ideal J? has the factorization 
property if it has the J^-factorization property. 

In various parts of the paper we call upon a factorization result due to S. Hein- 
rich. In order to state Heinrich's result, we require the following definition. 

Definition 1.2. Let J? and J? be operator ideals and 1 < p < oo. We say that 
(J? , ^) is a Hp-pair if the following holds for any sequences of Banach spaces 
and {F n ) nm and T G ^((0 meN £ m ) P , (® nm F n) P )- if QgTU r € J for 
all J 7 , g G N<°°, then T G f. 

Heinrich establishes the following result in [To] : 

Theorem 1.3. Let 1 < p < oo and let J? and be surjective operator ideals such 
that (J^, is a T, p -pair and J? is injective. Then J? has the J? -factorization 
property. 

We note that Theorem 11.31 is presented and proved in |15j under the additional 
hypothesis that J? = J? . This restriction is, in fact, unnecessary, and we leave it 
to the interested reader to verify that Heinrich's proof of Theorem 11.31 holds in the 
generality in which it is stated above (a straightforward notational substitution in 
Heinrich's proofs should suffice for the reader familiar with interpolation theory). 

A real Banach space E is said to be Asplund if every real-valued convex 
continuous function defined on a convex open subset U of E is Frechet differ- 
entiable on a dense G$ subset of U. A complex Banach space E is said to be 
Asplund if its underlying real Banach space E-r is Asplund in the real scalar 
sense. Of particular importance to the context of our discussion is the follow- 
ing theorem that collects several useful characterizations of Asplund spaces; for 
C C E*, e > and x G E, the w* -slice of C determined by x and e is the set 
{x* G C | U{x\ x) > sup {%t{y*, x) | y* G C} - e}. 
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Theorem 1.4. Let E be a Banach space. The following are equivalent: 

(i) E is an Asplund space; 

(ii) Every separable subspace of E is an Asplund space; 

(iii) Every separable subspace of E has separable dual; 

(iv) Every bounded nonempty subset of E* admits nonempty w* -slices of arbitrar- 
ily small diameter. 

Theorem II .41 is proved for real Banach spaces in Chapter 1.5 of [9]. For complex 
Banach spaces E, Theorem 11.41 follows from the real scalar case and properties of 
the canonical linear surjection <p : x* i— > 3tx* of E* onto (E^)*. In particular, (p is a 
norm-to-norm isometric, o~(E*, E)-to-a((E^)* , E®) homeomorphism; this is easily 
deduced from [221 Proposition 1.9.3]. 

Let E and F be Banach spaces. An operator T : E — > F is Asplund if for 
any finite positive measure space (fi, E, /i), any S G &(F, Loo(^, £, /i)) and any 
e > 0, there exists B G £ such that //(£) > M^) — 6 an d {/Xb I / £ ST(Be)} 
is relatively compact in Loo(f2, £, //) (here xb denotes the characteristic function 
of B on Q). The class of all Asplund operators is denoted We note that some 
authors, for example in [29] and [TJ], refer to Asplund operators as decomposing 
operators. Standard references for Asplund operators are [29] and [37] , where it is 
shown that the Asplund operators form a closed operator ideal and that a Banach 
space is an Asplund space if and only if its identity operator is an Asplund operator. 
A further result is that every Asplund operator factors through an Asplund space, 
due independently to O. Remov [3T], S. Heinrich [T5] and C. Stegall [37] . 

1.2 The Szlenk index 

We now define the Szlenk index, noting that our definition varies from that given 
by W. Szlenk in [32]- However, the two definitions give the same index for operators 
acting on separable Banach spaces containing no isomorphic copy of £ x (see the 
proof of [HI Proposition 3.3] for details). 

Let E be a Banach space, K C E* a w;*-compact set and e > 0. Define 

s £ (K) — {x G K | diam(fr fl V) > e for every u>*-open V 3 x} . 

We iterate s e transfinitely as follows: s®(K) = K, s" +1 (K) = s e (s"(K)) for each 
ordinal a and s®(K) = H/3< a s e{K) whenever a is a limit ordinal. 

The e- Szlenk index of K, denoted Sz e (K), is the class of all ordinals a such that 
s"(K) 7^ 0. The Szlenk index of K is the class U e >o Sz e (if). Note that Sz £ (K) 
(resp., Sz(K)) is either an ordinal or the class Ord of all ordinals. If Sz e (i^) 
(resp., Sz(K)) is an ordinal, then we write Sz e (K) < oo (resp., Sz(i^) < oo), 
and otherwise we write Sz e (K) = oo (resp., Sz(K) = oo). For a Banach space 
E, the e-Szlenk index of E is Sz e (i?) = Sz £ (Be*), and the Szlenk index of E is 
Sz(E) = Sz(B E *). If T : E — > F is an operator, the e-Szlenk index of T is 
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Sz £ (T) = Sz £ (T*B F *), whilst the Szlenk index of T is Sz(T) = Sz(T*5 F ,)- For a 
an ordinal, SzL a := {E G BAN | Sz(E) < 

It is clear that the Szlenk index of a nonempty u>*-compact set cannot be 0. We 
also note that, by u>*-compactness, the e-Szlenk index of a nonempty u>*-compact 
set K is never a limit ordinal. 

The following proposition collects some known facts about Szlenk indices. 

Proposition 1.5. Let E and F be Banach spaces. 

(i) If E is isomorphic to a quotient or subspace of F, then Sz(E) $C Sz(F). In 
particular, the Szlenk index is an isomorphic invariant of a Banach space. 

(ii) Sz(E) < oo if and only if E is Asplund. 

(hi) If K C E* is nonempty, absolutely convex and w* -compact, then either 
Sz(K) = oo or there exists an ordinal a such that Sz(K) — oj 01 . In particular, for 
T G SB either Sz(T) = oo or Sz(T) = u a for some ordinal a. 

(iv) If E is separable, then E* is norm separable if and only if Sz(E) < uj\, if 
and only ifSz(E) < oo. 

(v) Sz(E © F) = max {Sz(E), Sz(F)}. 

(vi) SzL a is a space ideal for each ordinal a. 

We briefly indicate the origins of the various assertions of Proposition 11.51 
Part (i) is well-known; see, for example, [T4"l p. 2032]. Part (ii) follows from Theo- 
rem H3(i) < ^ = ^ > above. Part (iii) is due to G. Lancien [20J; note that although 
Lancien's proof is given for the case where K is the closed unit ball of a dual 
Banach space, his argument works equally well in the more general setting pre- 
sented above. We mention also that the first occurrence of a statement like (iii) is 
a similar result for the Lavrientiev index of a Banach space due to A. Sersouri • 
For (iv), see [23l Theorem 3.1] and its proof. Part (v) follows from Lemma 12.61 
of the current paper (which is due to P. Hajek and G. Lancien [13]). Finally, 
(vi) is a consequence of (i), (v) and the well-known fact that a Banach space is 
finite-dimensional if and only if it has Szlenk index equal to 1 (this is noted in [2TJ 
p. 211], but see also Proposition 12.41 below) . 

2 ce-Szlenk operators 

Here we consider the Szlenk index of an operator and show that this index can 
be used in a natural way to define a class of closed operator ideals indexed by the 
class of all ordinals. 

Definition 2.1. For each ordinal a, define 5^3^^ := {T G SS \ Sz(T) ^ u a }. An 
element of S^Sf^ shall be known as an a-Szlenk operator. For each ordinal a and 
pair of Banach spaces (E, F), define y3T a (E, F) := @(E, F) n 

It is trivial that <5?3? a C ySfp whenever a and /3 are ordinals satisfying a ^ j3. 
In fact, 5f2? a C 5^2?$ whenever a < (3. Indeed, it is shown in Proposition 2.16] 
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that for an each ordinal a there exists a Banach space E with Sz(E) = u a+1 ; the 
identity operator of such a space E belongs to y3? a +i\y3? a . 

The following theorem is the main result of the current section. 

Theorem 2.2. For a an ordinal, yS'a is a closed, injective and surjective operator 
ideal. 

For a = 0, the assertion of Theorem 12.21 follows from the following proposition 
and the well-known fact that is closed, injective and surjective. 

Proposition 2.3. y% = Jt. 

Proposition 12.31 is a consequence of Schauder's theorem and the following gen- 
eral result: 

Proposition 2.4. Let E be a Banach space, K a nonempty w* -compact subset of 
E* . Then K is norm-compact if and only if Sz(K) = 1. 

Proof. We use the fact that K is norm-compact if and only if the relative norm 
and w* topologies of K are the same (see, e.g., [H] Corollary 3.1.14]). 

First suppose that Sz(K) = 1. Let (xj)^/ be a w*-convergent net in K; the 
norm-compactness of K will follow if (£j)i e ,r is necessarily norm convergent. Let 
x = w* — linijXj G K and note that, as x [J £>0 s e (K), for every e > there 
exists w*-open U £ 3 x such that diam({7 £ D K) ^ e. For each e > let j e E I be 
such that j e -< f implies xy G U e fl K. Then j £ -< f implies \\x — Xf\\ ^ e. As 
e > is arbitrary, \\x — Xi\\— >0. 

Now suppose Sz(K) > 1. Then there is x G K and e > such that x G s e (K), 
so for each w*-open U 3 x there is x;y G U fl -K" such that \\x — xu\\ > e/2. Since 

xjj x and x^/ -U- x (here, the set of u;*-open sets containing x carries the usual 
order induced by reverse set inclusion), the relative norm and w* topologies of K 
are not the same. Hence K is not norm-compact. □ 

We now prove the general case. 

Proof of Theorem \2. 6 A Let a be an ordinal. We must first show that y3? a satisfies 
OI1-OI3 of Definition 11.11 To see that y3? a satisfies OIi, note that by Proposi- 
tion 12.31 we have 

Next we show that y^ a satisfies OI3. Let D, E, F and G be Banach spaces and 
U G &(D, E), T G y& a (E, F) and V G 38{F, G) operators. We want to show 
that VTU G y2? a \ this is clearly true if either U or V is zero, so we henceforth 
assume that U and V are nonzero. It suffices to show separately that TU G y3? a 
and VT G y3f a . The fact that TU G y3f a will be deduced from the following 
generalization of [T4"l Lemma 2]. 
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Lemma 2.5. Let D and G be Banach spaces, S G 3B{D, G) a nonzero oper- 
ator, K C G* a w* -compact set, a an ordinal and e > 0. Then s®(S*K) C 

S *{ S e/(2\\S\\)( K ))- 

Proof. We proceed by induction on a. The assertion of the lemma is trivially true 
for a = 0. Suppose that > is an ordinal such that the assertion of the lemma 
is true for all a < j3; we show that it is then true for a — (3. First suppose that 
(3 is a successor, say (3 = 7 + 1. Let x G s^(S*K). Then there is a net (xj)j e / in 

s2(S*K) with Xi—fx and — se|| > e/2 for all i (for example, let 7 be the set 
of all ^-neighbourhoods of x, ordered by reverse set inclusion). By the induction 
hypothesis, for each i there is yi G s L(2|i,s||)(^0 sucri that S*yi = x«. Passing to 
a subnet, we may assume that the net (2/i)iei has a w*-limit y G sLpiisinO^O- 
Then S 1 *?/ = x and for all i we have \\yi — y\\ ^ \\xi — x\\ / \\S\\ > e/(2 \\S\\), hence 
y G s f/( 2 ||5|i)(-^)- ^ follows that the assertion of the lemma passes to successor 
ordinals. 

Now suppose that (3 is a limit ordinal. Let x G s^(S*K) = f] a</3 s"(S*K). For 
each a < (3 there is y a G seisin (-^0 wit h S* y a x. The net {y a )a<(3 admits a 



subnet (%) ieJ with uAlimit y G f\ </3 ^hs)^) = S £/(2||5||)( K )- Since S *V = x > 
we are done. □ 

By Lemma [2.51 

Sz(TU) = supSz E ((TU)*B F *) <: supSz £/mm) (T*B F *) = Sz(T) < oo a , 

£>0 £>0 

hence TU G J^ Q . 

As VT = (||y|r 1 1/)T(||F||/ E ) and T(||y||/ E ) G (take [/ = \\V\\I E 

above), to show that VT G ^3f a we may assume that || V|| ^ 1. Then 

(VT)*B G . = T*(V*B G *) C T*5 F ,, 

hence Sz(KT) = Sz((FT)*5 G *) ^ Sz(T*B F ») = Sz(T) < u a , as desired. We have 
now shown that 5^^ a satisfies OI 3 . 

To show that S?3? a satisfies OI2, we make use of the following lemma of P. 
Hajek and G. Lancien (see [131 Equation (2.3)]). The author is grateful to Professor 
Lancien for communicating to him a corrected proof of Lemma 12.61 (the proof of 
Lemma [2.61 in [T3] seems to be slightly incorrect); the proof of Sub lemma 15.121 of 
the current paper uses some similar arguments. 

Lemma 2.6. Let E X) . . . , E n be Banach spaces and let Ki C E*, . . . , K n C E* be 
w* -compact sets. Consider YYi=i K as a subset of (©" =1 Ei)*. Then, for all e > 
and ordinals a, 



\i=l / 9l,---ifln<W 1=1 

gi+...+g n = 1 
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Let E and F be Banach spaces and let S, T G &(E, F) be operators such that 
S + T i Define operators Q : E — > E ® 1 E and R : E ® 1 E — > F by 

setting = (x, x) for x G E, and z) = Sy + Tz for (y, z) G E@\ E, so that 
RQ = S + T (/ y$? a . Then Sz(Q*(iTB F ,)) > hence $z(R*B F *) > tu a since 
S"3T a satisfies 0I 3 . We have R*B F . = {(S*x, T*x) \ x G B F »} C S*B F , x T*B F *, 
hence Sz(S*B F . x T*£ F .) > w a . Let e > be such that sff(S*B F . x T*5 F *) is 
nonempty. By Lemma [2.61 either s^ a (S*B F *) or s^ a (T*B F *) is nonempty, hence 
either Sz(5') > w a or Sz(T) > u tt . In other words, either 5 ^ or T ^ ^3f a . 

Thus satisfies OI2, and is an operator ideal. 

The injectivity of y3f a follows from the fact that for Banach spaces E and F 
and an operator T G 3B{E, F), the Szlenk indices of T and 3 F T are determined 
by the same set, namely T*B F * = (^ f T)*5^ oo ( Ff ,)». 

The surjectivity of ^3f a is only slightly more difficult. Notice that for Banach 
spaces E and F and T G &(E, F), the restriction of Q* E to T*B F * is a norm- 
isometric w*-homeomorphic embedding of T*B F * into £i(B E )*. It follows then that 
Q* E (s%(T*B F .)) C s°(Q E T*B F *) = s^((T£l E )*B F *) for all ordinals « and e > 
(the proof is a straightforward transfinite induction), hence Sz(T) Sz(TH F ). In 
particular, J^^, is surjective. 

Finally, we turn our attention to showing that 5?3? a is a closed operator ideal. 
Recall that for a Banach space E, a nonempty, w*-compact set if C E* and 
x G -E*, there exists y a K such that ||a; — y|| = c?(x, if) (here d(x, if) denotes the 
norm distance of x to K, defined as d(x, if) := inf {||a; — z\\ | z G if}). Our proof 
that is closed will be a straightforward application of the following lemma. 

Lemma 2.7. Let D be a Banach space, e > and if, L C £)* nonempty, w*- 
compact sets with sup {d(a;, L) | sc e if} ^ e/8. JTien Sz e (if) ^ Sz e / 4 (L). 

Proof. It clearly suffices to show that for all 7 G Sz £ (if), 

sJ /4 (L) + and sup {d(x, s] /4 (L)) \ x G sj(if)} < e/8. (2.2) 

The assertions of (12. 2p hold trivially for 7 = 0. Suppose that (3 G Sz e (if) is such 
that ([52]) holds for all 7 < 0; we will show that (J22D holds for 7 = f3. 

First suppose that /3 is a successor, say /3 = ( + 1, and let x G sf (if). Then 

there exists a net (xj)^/ in s^(if) with Xi x and ||a^ — x|| > e/2 for all i (for 
example, take i to be the set of all u>*-neighbourhoods of x, ordered by reverse set 
inclusion). By the induction hypothesis, for each i G i there is yi G sL 4 (L) with 
— ^ e/8. Passing to a subnet, we may assume (yijiei has a w;*-limit, ?/ 
say, in sL 4 (L). By w;*-lower semicontinuity, ||sc — 2/ 1 1 ^ liminfj 6 / \\xi — yi\\ ^ e/8. 
Thus, for all i G /, 

11 1 11 11 e £ £ £ 

\\y -yiW > If - - If* - - If - v\\ > % ~ g ~~ g = 4' 

hence y G •5 e / 4 (s^ 4 (L)) = sf /4 (L). In particular, s^ 4 (L) is nonempty. Moreover, 
d(x, s^, 4 (L)) ^ — w|| ^ e/8. Thus, since x G sf(if) is arbitrary, we conclude 
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that sup {d(x, s^, 4 (L)) \ x G s@ {K)} ^ e/8. We have now shown that (I2.2p passes 
to successor ordinals in Sz e (K). 

Now suppose that (3 is a limit ordinal. Then s £ , A (L) is nonempty by the induc- 
tion hypothesis and u^-compactness. For the second assertion of (12.21) . we again let 
x G sP(K). By the induction hypothesis, for each ( < (3 there is y^ G s^ 4 (L) such 
that y^\\ ^ e/8. Let (zj)j € j be a w;*- convergent subnet of (|/^)^< / g, with w*-limit 
y, say. Then y G (~) c<f3 s ( e/4 (L) = sf /4 (L) and ||a; - y\\ ^ liminf jeJ ||a; - zA\ < e/8, 
hence d(x, s^ 4 (L)) ^ \\x — y\\ ^ e/8. As x G s@(K) is arbitrary, the second 
assertion of f !2.2p holds for 7 = 0. This completes the proof of the lemma. □ 

Let E and F be Banach spaces and T G SSiE, F) an operator such that 
T £ Then there is e > such that Sz £ (T) > w a . Let S G F) be 

such that \\T — S\\ < e/8. Taking K = T*Bp* and L = S*Bp* in the statement of 
Lemma [2T71 yields u a < Sz e (T) ^ Sz e / 4 (5') ^ Sz(S'), hence S ^ ^3f a . In particular, 
the open ball in £${E, F) centred at T and of radius e/8 has trivial intersection 
with yX*(E, F). It follows that <9"2r a (E, F) is closed in B8{E, F), and the proof 
of Theorem 12.21 is complete. □ 

We now describe the relationship between the classes 5?2? a and the class of 
Asplund operators. For this we shall call on the following characterization of 
Asplund operators that follows readily from work of C. Stegall, in particular [37J 
Proposition 2.10 and Theorem 1.12]. 

Proposition 2.8. Let E and F be Banach spaces and T : E — > F an operator. 
Then T is Asplund if and only if for every separable Banach space D and every 
operator S : D — > E, the set S*T*Bp* is norm separable. 

We also require the following result concerning metrizable w*-compact sets; the 
proof is essentially contained in the proof of Proposition 1 1.5( iv). 

Lemma 2.9. Let K be a w* -compact set that is metrizable in the w* topology and 
nonseparable in the norm topology. Then Sz(K) = 00. 

The following proposition asserts that the class of Asplund operators coincides 

withUaeOHD-^a- 

Proposition 2.10. Let E and F be Banach spaces and T : E — > F an operator. 
The following are equivalent: 

(i) T is an a-Szlenk operator for some ordinal a. 

(ii) T is an Asplund operator. 

Proof. First suppose that T is Asplund. By the Remov-Heinrich-Stegall factoriza- 
tion theorem for Asplund operators (c.f. Section [TJ, there exists an Asplund space 
G such that Iq factors T. By Proposition ll.5l (iii). there is an ordinal a such that 
Sz(Cr) = u a , hence Sz(T) ^ Sz(/g) = Sz(G) = co a . That is, T is a-Szlenk. 



10 



Now suppose that T is not Asplund. By Proposition l2.8| there exists a separable 
Banach space D and an operator S : D — > E such that S*T*Bp* is nonseparable 
in the norm topology. As D is norm separable, we have that S*T*Bp* is w*- 
metrizable, hence by Lemma 12.91 it follows that Sz(TS) = Sz(S*T*Bp*) = oo. 
That is, TS fails to be a-Szlenk for any ordinal a. As the classes S^S^a are operator 
ideals, T fails to be a-Szlenk for any a. □ 

For every pair of Banach spaces (E, E), there is an ordinal a such that if 
T G &(E, E) is /3-Szlenk for some ordinal (3, then T is a-Szlenk. Indeed, we 
may take a to satisfy u a = sup {Sz(T) | T G 5?3fp(E, F) for some ordinal (3}. By 
Proposition with a so defined we have ®{E, F) = SP2? a {E % F). 

We now determine the relationship between the operator ideals 5f2? a and the 
operator ideal S£ of operators having separable range. In what follows, E£* denotes 
the operator ideal of operators T with T* G 3C . The following result is essentially 
an operator-theoretic generalization of Proposition II .5( iv). 

Proposition 2.11. 

3£* = 3£ r\® = 3£ r\ (J = n (J = n 

qGOrd q<cji 

Proo/. First note that S?3?^ C U a < Wl Indeed, for T G yf Wl we have 

c/(Sz(T)) = c/(sup{Sz 1/n (T) ti e N})< u, whereas cf(u; wi ) = wi. We thus 
deduce that Sz(T) < Wi, hence T G U Q <wi ^^a- By this observation and Propo- 
sition [57TU] we have 

n = «rn (J c =r n (J = =r n 9 , 

a<wi agOBB 

and so it now suffices to show that 3C n 9 C JT* and Jf* C n 

To prove JTflf^ C j?T*, we first note that Heinrich [T5] has shown that (f^, ^) 
is a Sp-pair for every 1 < p < oo. We claim that ( JT, JT) is also a E p -pair for all 
1 < p < oo. To verify our claim, we note that if (E m ) me ^ and (F n ) ne N are sequences 
of Banach spaces, 1 < p < oo and T G ^((0 meN ^m) P) (0neN-^n)p) ^ s sucn that 
T £ «T, then the set U{<5e T ^(0 m 6N I G G N <00 } is nonseparable 

since its uniform closure contains T(0 meN _E m ) p . As N <oc is countable, it follows 
that are J 7 , Q G N <oc such that QgTUj:(@ meN E m ) p is nonseparable. That is, 
QgTUjr ^ This completes the proof of the claim, and it follows that D 
^, fl ^) is a Sp-pair for all 1 < p < oo. Moreover, 3£ fl ^ is injective and 
surjective since the same is true for S£ and Q). Thus, by Theorem \\.'&\ every 
element of fl factors through a separable Asplund space. By Theorem ll.4| 
this implies that every element of X fl !3> factors through a Banach space with 
separable dual, and the inclusion n *3) C JT* follows. 

We now show that J* C Jn yj Wl . The inclusion ^T* C is well-known 
(see, for example, [29j Proposition 4.4.8]), so we need only show that C 
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To this end, note that similar arguments to those used above show that («5£**, 
is a Sp-pair for every 1 < p < oo. Moreover, X* is injective and surjective, 
hence Theorem 11.31 implies that every element of ^T* factors through a Banach 
space with separable dual. By Proposition 1 1.5f iv). this means that every element 
of 2£* factors through a Banach space of countable Szlenk index; the inclusion 
3T* C follows. □ 

To conclude the current section we mention two sequential variants of the 
Szlenk index that have appeared in the literature. Sequential definitions are often 
advantageous from a utilitarian point-of-view, but - as we shall now see - they do 
not seem to be sufficient for the development of a general theory of operator ideals 
associated with the Szlenk index such as that that initiated here. 

For E a Banach space, K C E* and e > 0, we define derivations 

m £ (K) := {x* e K \ 3«) n C K, x* n % x*, \\x* n -x*\\^e for all jigN} 

and 

n £ {K) := {x* e K |3«) C K, 3(x n ) C B E ,x* n ^4 x*, x n ^ 0, Iim" n |«, x n )\ > e} 

on K. As with s £ , we may iterate m e and n £ to obtain derivations and n° for 
e > and a an ordinal, with corresponding indices Mz e (K), Mz(K), Nz e (K) and 
Nz(K). Analogously to the definition of the classes S^3f a , for each ordinal a we 
define Ji% a := {T G ^ | Mz(T) < uj a } and := {T G ^ Nz(T) < 

The main obstacle to proving that the classes ^3? a form operator ideals is that 
we do not seem to have an analogue of Lemma [2.51 for the derivations m" (since it 
need not be the case that every sequence in K has a W "-convergent sub sequence). 
However, we may form operator ideals from the classes ^S'a by taking their 
intersection with the class ^# consisting of all operators having w*-sequentially 
compact adjoint. That is, an operator T : E — > F belongs to ^# if and only 
if T*Bp* is -^-sequentially compact. Standard arguments, similar to those used 
to show the same for JtT, show that ^ is a closed, injective, surjective operator 
ideal. A proof similar to that of Theorem 12.21 shows that ^!^ a fl is a closed, 
injective, surjective operator ideal for every ordinal a. Moreover, it is elementary 
to show that the indices Sz and Mz coincide for operators T : E — > F with the 
property that T*Bp* is w*-metrizable; this is the case precisely when the range of 
T is norm separable. Thus, when dealing with operators having separable range, 
one may usually work with Mz in place of Sz if it is more convenient. 

We now discuss the index Nz and the associated classes ,jV^ a . The index 
Nz is in fact that introduced by Szlenk in [3S], and it coincides with Sz and Mz 
for operators whose domain is a separable Banach space containing no subspace 
isomorphic to i\ [191 Proposition 3.3]. However, the index Nz lacks sufficiently 
good permanence properties for the classes ^S: a to be operator ideals over the 
class of all Banach spaces. We illustrate this claim by way of the following simple 
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example. Let U : £2 — > £00 be an isometric linear embedding. As observed 
by J. Bourgain [6J p. 88], if E is a Grothendieck space with the Dunford-Pettis 
property, then Nz(E) = 1. In particular, Nz(£ oc ) = 1. We thus have 1^ G <j¥3?q. 
On the other hand, I loo U i since Nz(I ica U) = Nz(Bq) = to > to . In 

particular, jYH%q fails to satisfy condition OI3 of Definition 11.11 Similar examples, 
based on the spaces defined by the construction of Szlenk (see Example 13.61 of the 
current paper), show that <sV3? a+ i fails to satisfy OI 3 for every a < U\. 

Despite the apparent deficiency of the index Nz from the point of view of 
developing a theory of operator ideals associated with the Szlenk index, we wish to 
emphasize the importance of the index Nz in the study of the structure of operators 
acting on spaces C(K), where K is a metrizable compact space. Indeed, a number 
of authors have studied the connections between the Nz index of operators acting 
on C(K) spaces and 'fixing' properties of such operators; we refer to [35] for a 
survey, and to the work of I. Gasparis [12] for more recent results. In fact, we 
believe that both of the indices Sz and Nz are of interest in the study of operators 
in &(C[0, 1]). For example, the following question is of interest in studying the 
closed ideal structure of the Banach algebra 3&(C[0, 1]): 

Question 2.12. Let R e ,%~*(C[0, 1]). Does there exist S E W(C[0, 1]) such that 
Sz(R+S) = Nz(R + S)? 

Question 12. 121 asks whether the indices Sz and Nz coincide on JT*(C[0, 1]) up 
to a weakly compact perturbation. The motivation for Question 12.121 is the fact 
that W is a closed operator ideal and that, for T e 33(C[0, 1]), Nz(T) is minimal 
(that is, is equal to 1) if and only if T is weakly compact; this latter fact regarding 
minimality of Nz(T) for T e 3§(C[0, 1]) is due to D. Alspach [2 Remark 2]. 

3 Examples 

In this section we discuss the algebras 5^3f a {E) for a number of well-known Banach 
spaces E. In particular, we study the place of the ideals y^ a (E) in the lattice 
of closed, two-sided ideals of &(E) by relating them to other well-known closed 
ideals (for example, the ideal of weakly compact operators). 

Example 3.1. Our first example is the Banach space = L^O, 1]. We will 
show that the operator ideals W, @, J^^fi and !%* coincide on L^. For this 
purpose, we state the following impressive result of H. Jarchow [16J: 

Theorem 3.2. Let A be a C* -algebra and F a Banach space. Then 

W(A, F)=T? n \A, F). 
We also require the following lemma. 

Lemma 3.3. Let H be a Hilbert space and E a Banach space such that every weakly 
compact subset of E is norm separable. Then &(7-L, E) = E). 
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Proof. Let T e 88 (H, F). The reflexivity of H implies F e W{H, F), and the 
norm separability of T(By) implies F e Jf. Thus, by the (separable) DFJP 
factorization theorem [8j Lemma l(xi)], there is a separable, reflexive Banach space 
F and operators A : H — >• F and 5 : F — > E such that T = BA. Since F* 
is separable, we have that A*(F*) is isometric to a separable closed subspace of 
%*, hence isometric to a closed subspace of £ 2 - Thus A* e Sf^ 2 . Making the 
identifications % = H** and F = F** via the canonical injections of H and F into 
their second duals, we have A = A** 6 ^* = S^ 2 , hence T = BA e □ 

The inclusion ^(F^) C Wi^L^) holds since L ro is a Grothendieck space, and 
^(Foo) C ^"(Lqo) since weakly compact subsets of are norm separable [3"2"| 
Proposition 4.7]. Thus JT^Z/oo) = Wi^L^). As Sz('H) = w for H a Hilbert space 
(see [23| p. 106]), and since L ro is both a C*-algebra and an injective Banach space, 
Theorem O yields = W{L^) = ^(L^) C ^(F^) C We 

have ^* = JT_n^ by Proposition EJH hence = J^). Thus, to 

show that W, &i 2 , @, y$?i and JT* coincide on L^, it now suffices to show 
that ^(Loo) C W^Lqo) and r 2 (F») ^= ^ 2 (-^oo)- The first of these inclusions is 
justified by the fact that nonweakly compact operators on fix a copy of the 
non-Asplund space (see [33, Proposition 1.2] and the main result of [22]) ■ The 
second inclusion follows from Lemma 13.31 and the fact that every weakly compact 
subset of Loo is norm separable. 

Example 3.4. For our next example, we consider the space L\ = Li[0, 1]. Similarly 
to the previous example, we will show that the operator ideals W, @, 5f2?\ 
and coincide on L\. 

Let Q : L\ <^-> L\* denote the canonical embedding and let P : L\* — > L\ be a 
projection (that L\ is complemented in its bidual is well-known; see, for example, 
PQ Proposition 6.3.10]). It is clear that, since Sz(£ 2 ) = w, we have % 2 {Li) C 
e5^^i(Fi) C $!{L\). Moreover, since ^T* and ^ coincide on separable Banach 
spaces by Proposition I2.11[ it suffices to show that S>{L\) C W(L{) and W{L\) C 
^ 2 (Li). The first of these inclusions is justified by the fact that nonweakly compact 
operators into Li fix a copy of £i [261 Theorem 1], and therefore fail to be Asplund. 
For the second inclusion, let T e W(L\). Then, by Gantmacher's theorem, F* is a 
weakly compact operator on the (up to isomorphism) C*-algebra L*. Moreover, L* 
is an injective Banach space, hence Theorem 13 . 21 ensures the existence of a sequence 
(S n ) in T 2 (Ll) satisfying ||F* - 3 n \\ -> 0. It follows then that, since T = PT**Q, 
we have \\T - PS*Q\\ = \\P(T** - 3*)Q\\ -> 0. In particular, F 6 F 2 (Fi) since 
5* G T 2 for all n. As L x is separable, it follows that F e £^ 2 (Fi). 

Example 3.5. We now consider the ideals J7!2f a (C[Q, 1]). The lattice of closed, 
two-sided ideals in 38(C[0, 1]) contains the following linearly ordered chain, where 
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< p < ui. 

{0} C Jt(C[0, 1]) = J^ (C[0, 1]) C W(C[0, 1]) C ^(C[0, 1]) c . . . 

. . . c(J j^iT 7 (C[0, 1]) C J^(C[0, 1]) c ^ +1 (C[0, 1]) c . . . 

7</9 

. . . |J j?2r a (c[o, i]) = 0(c[o, i]) = ir*(c[o, i]) c #(c[o, i]). 

Note that the ideal JT*(C[0, 1]) is the unique maximal ideal in £$(C[0, 1]) since 
each element of ^(C[0, 1]) \ S~*(C[0, 1]) factors the identity operator of C[0, 1]. 
Indeed, combining theorems of H. Rosenthal [3U Theorem 1] and A. Pelczyhski [27| 
Theorem 1], for any T G <^(C[0, 1]) \ 3£*(C[0, 1]) there exists a closed subspace 
J5 C C[0, 1] such that T|# is an isomorphism, is isomorphic to C[0, 1] and 
T(P) is complemented in C[0, 1]. Let be an isomorphism of C[0, 1] onto E, let 
P : C[0, 1] — T(-E) be a continuous projection and set V = (TRj^P. Then 
I C [o,i] = VTR. 

We now justify the other claims above regarding the lattice of closed ideals in 
&(C[0, 1]). With A : C[0, 1] — > t 2 a surjective operator and P : t 2 — > C[0, 1] 
noncompact, BA E W(C[0, 1]) \ JT(C[0, 1]). That yT(C[0, 1]) C ^(C[0, 1]) 
follows from Theorem 13 . 2 1 and the fact that, since Hilbert spaces have Szlenk index 
u and 5?2f\ is closed and injective, T 2 mJ C Any projection of C[0, 1] onto 

a subspace isomorphic to Cq (of which there are many) belongs to the difference 
y^[(C[0, 1})\W(C[0, 1]) since c is nonreflexive and of Szlenk index u>. Similarly, 
the difference ^3?p +1 (C[0, 1]) \ J^}(C[0, 1]) contains any projection of C[0, 1] 
onto a subspace isomorphic to C(u u + 1) (here, + 1 is equipped with its 
(compact) order topology; see [13] for a proof that Sz{C(u} uP + 1)) = for 
f3 < u\). That the operator ideals U«<oji ^ an d coincide on C[0, 1] 

follows from Proposition 12.111 

Example 3.6. Let V denote the complementably universal unconditional basis 
space of Pelczyhski [2H]- Then, as in the case of C[0, 1] above, we have S?3fp(y) C 
J^i^+i^) for every (3 < u>i. To show this, it suffices to find, for each < cji, a 
Banach space Gp having an unconditional basis and Szlenk index u> /3+1 . Indeed, 
the existence of such a space ensures the existence of a projection of V onto a 
complemented subspace isomorphic to Gp, and such a projection clearly belongs 
to y^p+iiV) \ y3?p(V). For the existence of the desired spaces Gp, we turn to 
Szlenk's construction in [38J of a family of separable, reflexive Banach spaces whose 
Szlenk indices are (collectively) unbounded above in u±. The construction is as 
follows: Let E = {0}, E a+X = E a ®i£ 2 for a < U\ and, if a < U\ is a limit ordinal, 
E a = (0 7<Q ,P 7 ) 2 . A straightforward transfinite induction on a < lo\ shows that 
E a has a 1-unconditional basis for all nonzero a < oj\. Moreover, a slight modi- 
fication of arguments in proof of Proposition 2.16] show that for each < uj\ 
there exists a((3) < u\ such that Sz(E a ^) = uj^ +1 . Taking Gp = E a ^ gives the 
desired spaces Gp (j3 < ui). 
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Finally, note that \J a<tin ^3r a {y) = @(V) = ^*{V) C &(V) by Propo- 
sition EH and the existence of P G BS{V) \ S£*{V) with P 2 = P and P(V) 
isomorphic to t\. 

4 Quantitative factorization of Asplund opera- 
tors 

An important, basic question in operator ideal theory is whether a given opera- 
tor ideal J" has the factorization property; that is, whether every element of J? 
factors through a Banach space whose identity operator belongs to J? . The most 
well-known and widely applied result in this direction is the celebrated Davis- 
Figiel-Johnson-Pelczyhski factorization theorem [8] asserting that every weakly 
compact operator factors through a reflexive Banach space. In the absence of 
the factorization property, one may then ask whether J? satisfies some nontrivial 
'weak' factorization property. For example, W. Johnson has shown in [T7] that 
there exists a separable, reflexive Banach space E with the property that every 
approximable operator (= uniform limit of finite-rank operators) factors through 
E with approximable factors. In this and subsequent sections of the current paper 
we study factorization properties of the operator ideals 5?3f a . 

Our main task in this section is to establish the following weak factorization 
result for the operator ideals ^3^ a . In light of Proposition 12.101 and Proposi- 
tion (E^ii), this result can be considered a quantitative refinement of the inde- 
pendent efforts of Reinov, Heinrich and Stegall (c.f. Section [1]) showing that the 
operator ideal of Asplund operators possesses the factorization property. 

Theorem 4.1. For a an ordinal, ^3f a has the S^^a+x- factorization property. 
That is, each T G Sf3£ a factors through a Banach space whose Szlenk index is at 
most u a+1 . 

Before embarking on a proof of Theorem 14.11 we mention a similar result due 
to B. Bossard. It is shown in [5j Theorem 3.9] that there is a universal function 
if : u\ — > oj\ such that for any separable Banach spaces E and F and any Asplund 
operator T : E — > F, there exists a Banach space G and operators A : E — > G 
and B : G — > F such that G has a shrinking basis, Sz(G) ^ ip(Sz(T)) and 
T = BA. It will be shown at the end of Section [5] that if necessarily exceeds the 
identity function of u\ at uncountably many points of U\. 

We shall deduce Theorem 14.11 from the following proposition. 

Proposition 4.2. Let A and T be sets, {E\ \ A G A} and {F v | v G T} families of 
Banach spaces, p = or 1 < p < oo, T : (® AgA E\) p — > (© ueT F v ) p an operator 
and a > an ordinal. The following are equivalent: 

(i) Sz(T) < u; Q . 

(ii) sup {Sz £ (TU T ) | 7 G A <00 } < u a for every e>0. 
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(iii) sup{Sz £ (Q g T) | Q G T<°°} < cu a for every e > 0. 

(iv) sup {Sz £ (Q g TU F ) | 7 G A <oc , Q G T <oc } < u a /or every e > 0. 

Let us now see how Theorem 14.11 follows from Proposition 14.21 We begin by 
letting 1 < p < oo. By Theorem 12.21 and Theorem 11.31 it suffices to show that 
(y^ a , 5?3? a +i) is a Sp-pair. To this end, let (E m ) m and (F n ) n be sequences 
of Banach spaces and suppose T G ^((© me N Em) P , F n ) p ) is such that 

QgTUjr G for all F, G E N <oc . Then 

> sup {Sz E (Q g TU T ) | J 7 , £ G N <00 } ^ u a < 

hence T G y^f a+ \ by Proposition 14.21 and we are done. 

To prove Proposition 14.21 we draw on several preliminary results. The first 
of these is the following variant of [13) Proposition 2.2], which can be useful for 
obtaining an upper estimate on the Szlenk index of an operator. 

Proposition 4.3. Let E and F be Banach spaces, T : E — y F an operator and 
(3 an ordinal. Suppose that for every e > there exists j3 £ < u 13 and 5 £ G (0, 1) 
such that S P°(T*B F *) C 5 £ T*B F ,. Then Sz(T) < u/. 

Proof. Fix e > 0. We claim that s^ n (T*B F *) C 5™T*B F » for all n G N. Indeed, 
it is true for n = 1 by assumption, and if true for n ^ k then 

s^ (fc+1) (T*5 F *) C s^{5 k £ T*B F *) = 6 k £ s p / /sk (T*B F *) C c^(T*E F *) C 5 k+1 T*B F «, 

so that the above claim holds by induction on n. 

For each e > let N £ G N be large enough that s^ N ^(T*B F *) C Then 
sP*- N ° +1 {T*B F *) = for each e > 0, hence Sz(T) < sup £>0 (& ■ N £ + 1) < uA □ 

The next two lemmas concern the action of the e-Szlenk derivations on w*- 
compact sets contained in the dual of a direct sum of Banach spaces. The first is 
a discrete variant of [T3"j Lemma 3.3] and is proved in [TJ Lemma 2.6]. 

Lemma 4.4. Let A be a set, {E x | A G A} a family of Banach spaces, 1 ^ q < oo, 
p predual to q and K C (Q) XeA E\)* a nonempty w* -compact set. Let a be an 
ordinal, K C A and e > 5 > 0. If x G s°(K) is such that \\U^x\\ q > \K\ q -{^-) q , 
thenU^x G sf(U^K). 

Lemma 4.5. Let T be a set, {F v | v G T} a family of Banach spaces, E a Banach 
space, 1 ^ q < oo, p predual to q, K C (@ AgA .E A )* a nonempty w* -compact set, 
T : 22 — y (©„ gT -^v) a nonzero operator and e > 0. Le£ a fre an ordinal and let 
x G s°(T*K). Then there is y G Sg;/ 2 |i T |is(iif) suc/i thatT*y = x. Further, if S C T 
zs smcA tfia* HQsV^yf > \K\ q - (e/(8 ^en T*Q%V£y G s° /4 (T*Qjy 5 *K). 
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Proof. The lemma is clearly true for a = 0. We now assume it true for some 
a = 7, and show that it is also true for a = 7 + 1. To this end, let x G 
s] +l (T*K) = s £ (s](T*K)). Then there exists a net (xi) m in s](T*K) such that 

Xi — >• x and \\xi — x\\ > e/2 for all i G I (for example, take / to be the set of 
all u>*-neighbourhoods of x, ordered by reverse set inclusion). For each i & I let 
Hi G s 2/(2||t||)(-^0 b e suc h that T*yi = x^. Passing to a subnet, we may assume 
that (yi)^ has a w*-limit y G s L(2||t|[)(-^0' anc ^ then T*y = x. Moreover, as 
\\Ui ~ y\\ ^ \\ x i ~ x \\ I 11^11 > £ /(2 ||T||) for all i, we have y G s I/(2||t||)(-^)- Now 
suppose that \\Q* s V£y\\ q > \K\ q - (e/(8 ||T||))«, where 5CT. Passing to a subnet, 
we may assume \\QsV£yi\\ q > \K\ q - 0/(8 ||T||)) 9 for all i. Then for all i, 

< (\ k\i - iinn/^/.im 1 /? 



- = (INI* - \\Q*snviV) m < (W - ll«5^wll 9 ) 1/9 < 



8 ||T|| ' 

hence ||y — Q5V5I/H ^ e/(8 ||T||) by w;*-lower semicontinuity Thus, for all i, 

\\T*Q* s V£ yi -T*Q* s V2y\\ 

> \\T* Vi - T*y\\ - \\T*y - T*Q* s Vgy\\ - \\T* Vi - T*Q* s V£ yi \\ 
^ \\xi - ar|| - ||T|| \\y - Q* s Vgy\\ - \\T\\ \\y { - Q* s Vsyi\\ 

> 2 T . — — ■ = -. 

2 11 11 8||T|| 4 

Since T*Q* s Vgyi G sL 4 (T*(3sVsi^) for each i by the induction hypothesis, and 

since T*Q* s V^ yi % T*Q* s V£y, we have T*Q* s V£y G 8$(T*Q* S V£K). Thus, in 
particular, the assertion of the lemma passes to successor ordinals. 

Finally, let 7 be a limit ordinal and suppose that the assertion of the lemma 
holds whenever a < 7. Let x G s2(T*K) = f] a<y s®(T*K) and for each a < 7 let 
y a G S £/(2||t|])(-^) De such that T*y a = x. By w*-compactness, there is a directed 
set J and a mapping / : J — > 7 such that (yf(j))jeJ is a w*-convergent subnet of 
(l/a)a<7- Let y denote the w*-limit of (yf(j))jeJ- Then T*y = x, and since f(J) is 
cofinal in 7 (by definition of a subnet), y G fljgj S f/(2||T||)(^0 = S £/(2||t|])(^0- Now 
suppose that \\Q* s V£y\\ q > \K\ q - (e/(8 ||T||)) 9 , where 5 C T. Passing to a subnet, 
we may assume ||QsV^?/j|| 9 > \K\ q — (e/(8 ||T || )) <? for all j, hence by the induction 
hypothesis T*Q* s V£y }{j) G sf/f (T*Qs V-iif ) for all j. Again, by the cofinality of 
/(■/) m 7, 

T*Q* s V£y = w*- \mxT*Q* s V£y m G f| s f ${T*Q* s V£K) = s^(T*Q* s V£K). 
The assertion of the lemma thus passes to limit ordinals, and we are done. □ 



The final step in our preparation to prove Proposition 14.21 is to state the fol- 
lowing definition and lemma. 
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Definition 4.6. For real numbers a^O, 6>c>0 and 1 ^ d < oo, define 

a(a, b, c, d) := inf {n G N | (6 - c) d (n - 1) ^ (2a) d - 6 d } . 

Lemma 4.7 ([7J Lemma 2.8]). Let A be a set, {E\ A G A} a family of Banach 
spaces, 1 ^ q < oo, p predual to q, K C (© Ag A-^0p a nonempty, w* -compact set 
and e > 5 > 0. Suppose r]$ is a nonzero ordinal such that s^ s (U^K) = for every 
J6A <C °. Then 8 ™' am * M) {K) = 0, /ience Sz £ (K) ^ r/ 5 • <r(|AT|, e, 5, g). 

Proof of Proposition ^.^ We prove (i)=^(ii)=^(iv)=^(iii)=^(i), assuming T^O (the 
result is obvious otherwise). 

To see that (i) =>■ (ii), suppose that there is e > such that 

sup {Sz £ (TU F ) | 7 G A <oc } ^ w Q . 

We want to show that Sz(T) > a; a , so to this end note that by Lemma I2~51 we have 

Sz £/2 (T) = Sz £/2 {T*B mverFv); ) > sup {Sz e {U*fT*B {(S)verFv); ) \ T G A<°°} 

= sup{Sz 6 (TE/» | J 7 G A <00 } 

As Sz £ / 2 (T)F cannot be a limit ordinal, it follows that Sz(T) ^ Sz £ / 2 (T) > u a . 

We now show (ii) (iv). Let 7 G A<°°. Then for Q G T<°° we have 
f/>T*g^ (0ueeFu); C U* T T*B mverK); , hence S^QgTUjr) < Sz e (T0» for all 
£ G T<°° and e > 0. Thus, for each e > 0, 

sup {Sz £ (Q 6 TC/^) | J 7 G A <0 °, £ G T <00 } < sup {Sz £ (TU F ) \ 7 G A<°°} , 

and the implication (ii) =>■ (iv) follows. 

Suppose that (iv) holds and fix Q G T <0 °. An application of Lemma [4.71 with 

K = T*Q* g B {( $ verFv)p 5 = 6(e) = e/2 and 

Vs{£) = sup{Sz e/2 (g Tt^) I J 7 G A <0 °, £ G T <00 } (< u a ) 

yields 

As ^ G T <oc was arbitrary and 775(e) and cr( ||T||, e, e/2, q) do not depend on our 
choice of Q, we deduce that 

sup{Sz £ (Q g T) | g G T<°°} < 7fc (e) • <r(||T||, e, e/2, q) < co a , 

hence (iv)=^(iii). 

Suppose that (iii) holds. The implication (iii) =>■ (i) will follow from Proposi- 
tion U~3] if we can show that for every e > there is /3 e < u a and 6 £ G (0, 1) with 
^(T*B (&v£rFv); ) C 4T*5 (eueT ^);. If ^ 2||T||, then ^^©^j.) = 0, 
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hence /3 E — 1 and any 5 £ G (0, 1) suffice. So it remains to find suitable fl e and S e 
for e G (0, 2 ||T||). For each e G (0, 2 ||T||), let £ e = sup{Sz £ (Q g T) | Q G T<°°}. 
As T*Q* g B i&vegFv)} = T*Q* g V g *B i&verFv); for each Q G T <0 °, it follows that 
sup {Sz £ (VgQ e T) | £ G T<°°} = i e for each e G (0, 2 ||T||). Let £ G (0, 2 ||T||) be 

fixed and let x G sf /4 (T*B ((BverFv) .) (if (T*B ((Bver Fv) .) = 0, then taking 

e = £ £/4 and any 6 £ G (0, 1) will do). Since (T*Q g V g *B {&ver Fu) .) = for all 

^ e 'Y<oo^ an a pp ea i Lemma H3] gives us y G s^2||t||) (-^(©„ eT sucn 
T*y = x and 

imi 9 = sup HQ^ir < i - (Vi^V ■ 

g e X<°° \0 || 1 || / 

In particular, since x G Se e/4 (T*5(0^ gT ^)*) was arbitrary, 
s^ 4 (T*B ia)v£rF ,v) C (l_ (-^-^ ? rS 



Taking & = £ e/4 and <5 6 = (1 - (e/(8 for each e G (0, 2 ||T||) completes 

the proof. □ 

Corollary 4.8. Lei a be an ordinal of uncountable cofinality. Then y^f a has the 
factorization property. 

Proof. By Theorem 12.21 and Theorem 11.31 it suffices to show that (y^f a , y3? a ) is 
a Sp-pair (1 < p < oo). To this end, let (E m ) m and (F n ) n be sequences of Banach 
spaces and let T G ^((0 meN E m ) p , {® n& F n ) p ) be such that Q g TU F G =5*% 
for all J 7 , £ G N<°°. By Proposition Ofiii), for each pair (J 7 , 0) G N<°° x N<°° 
there is a (J 7 , (?) < a such that Sz(Q g TU r ) = u;°^' g ). However, since 

c/(a(.F, £)) ^c/fw ^) =c/(supSz 1/n (Q J7 Tt^) > ) = w<w 1 <c/(a), 

V ' \ n&i, J 

it must be that a(J ', £) < a for each (J 7 , (?) G N <oc x N <oc . Consider the ordinal 
a' = sup{a(.F, G)\J r ,Ge N<°°}. We have a' < a and, since N<°° x N<°° 
is countable, cf (a') is countable also, hence a' < a. As a is of uncountable 
cofinality, it is also a limit ordinal, hence a' + 1 < a. Moreover, 

\/e > sup{Sz £ {QgTU T ) | J 7 , G N <00 } < w Q ' < 

and so Proposition 14.21 yields T G J^i^+i C y3f a . We have thus shown that 
(y^f a , y^a) is a Ep-pair, which completes the proof. □ 

The following is open: 

Problem 4.9. Let a be an ordinal. Are the following are equivalent? 

(i) a is of uncountable cofinality. 

(ii) y3£ a has the factorization property. 
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With Corollary 14.81 we have already just established the implication (i)=^(ii) of 
Problem 14.91 The remainder of this paper is motivated by the search for a proof 
of the reverse implication (ii)=^(i). Although we do not obtain the full answer, we 
obtain some partial results and anticipate that further development of the ideas 
presented here may eventually lead to a complete solution. Note that Theorem II .31 
does not yield any further information on the classification of those ordinals a for 
which 5fS? a has the factorization property since, as noted later in Remark 15.131 
(J?>3f a , 5f2?a) fails to be a E p -pair for any 1 < p < oo whenever a is an ordinal of 
countable cofinality. 

5 Counterexamples to the factorization property 

Our goal in this section is to prove the following theorem. 

Theorem 5.1. Let f3 be an ordinal of countable cofinality. Then S^^^p does not 
have the factorization property. 

One of the main ingredients in our construction of counterexamples to the 
factorization property is the following result concerning the submultiplicity of the 
£-Szlenk index of a Banach space, due to G. Lancien. 

Proposition 5.2 ([21, p. 212]). Let E be a Banach space and e, e' > 0. Then 

Sz ££ ,(£)^Sz £ (£)-Sz £ ,(£). 

Some remarks concerning the use of Proposition 15.21 are in order. Suppose that 
E is an infinite-dimensional Asplund space and let a denote the unique ordinal 
satisfying Sz(E) = u a . The submultiplicity of the e-Szlenk index seems to be of 
use in analysis of E only in the case that the ordinal u a is closed under ordinal 
multiplication, which is true if and only if a is closed under ordinal addition, which 
is true if and only if a = co 13 for some ordinal (3. Indeed, suppose that a is not 
a power of u; then there is 7 < a such that 7 • 2 ^ a. Let e be so small that 
Sz £ (£) ^ oo"'. Then for < e', e" ^ e we have 

Sz £ , £ »(£) ^ co a < uj t2 < Sz £ ,(£) • Sz £ „(£), 

so that submultiplicity of the e-Szlenk index of E is essentially trivial in this case. 
In particular, in this case the submultiplicity of the e-Szlenk index of E does 
not yield any information regarding the growth of Sz e (E) as e goes to zero. By 
contrast, if a = for some (3, then it is possible to use the submultiplicity of the 
e-Szlenk index to obtain a certain growth condition on Sz £ (E), and similar growth 
conditions on the e-Szlenk indices of operators in Op(SzL a ) (see Proposition 15.41 
below). By constructing an element of 5^^ a that cannot satisfy any such growth 
condition, we will show that the containment Op(SzL Q ) C 5?2? a is proper. 
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Definition 5.3. Let (3 be an ordinal of countable cofinality. A sequence ((3 n ) n€ ^ in 
u 13 is called a superadditive cofinal sequence for u 13 if {(3 n \ n G N} is cofinal in co 13 
and f3 ni + f3 n2 ^ (3 ni +n 2 f° r all ni, n 2 G N (including when ni = n 2 ). 

It is easy to see that each ordinal /3 of countable cofinality admits a super- 
additive cofinal sequence for kr. Indeed, for such an ordinal /3 we have that w' 3 
is also of countable cofinality, and so we may choose a sequence (7 m ) me N in w' 3 
such that { , ~f m | m G N} is cofinal in u 13 . It is then straightforward to inductively 
define a strictly increasing sequence (m n ) n€ ^ in N such that (f3 n = 7 m „) n eN is a 
superadditive cofinal sequence for uA 

For a nonzero ordinal (3 of countable cofinality, the following proposition estab- 
lishes a necessary condition for membership of the operator ideal Op(SzL w /3), and 
will be used in the proof of Theorem 15.11 The proposition asserts that elements of 
Op(SzL w/ 9) must possess a certain restricted-growth property defined in terms of 
arbitrary superadditive cofinal sequences for 

Proposition 5.4. Let (3 be a nonzero ordinal of countable cofinality. For each 
T G Op(SzL w /3) and superadditive cofinal sequence for u 13 , (/3 n )„ e N say, there exists 
no G N such that 

Sz 1/2 «(T) ^ uAo-" 

/or a// nGN. 

Proof. The result if trivial if T = 0, so we assume henceforth that T ^ 0. Let .D, 
and F be Banach spaces and A G &(E, D) and I? G &(D, F) operators such 
that D G Szl^/3, T = and, without loss of generality, ||5|| ^ 1. The bound 
|| 5 1| ^ 1 and Lemma [2.51 ensure that 

Ve>0 Sz £ (T)^Sz £ (A)^S Z£/M) (L>). (5.1) 

Let s G {n G N | Sz 1/(2 ||^||)(-D) < uA 1 }, t G {n G N | Sz 1/2 (D) ^ uA} and set 
n = s + t (our assumption that (3 > guarantees the existence of such s and t). 
By Proposition 15.21 and (15.11) . for each nGNwe have 

Sz 1/2 n(T) ^ Szv^ihaidP) ^ Sz 1/(2 || A ||)(D) ■ (Sz 1/2 (L>)) n ^ uA • uA" n 

^ uA+*« 

$C uA°' n . □ 

For the remainder of this section, let r = or 1 < r < oo be fixed. We now 
detail a construction (inspired by Szlenk's construction in [5B] of a family of Banach 
spaces whose Szlenk indices are unbounded in ui) that takes a given operator T 
and yields an operator T a for each ordinal a in such a way that Tq = T and T a is 
obtained via direct sums of predecessors in the construction. For Banach spaces 
D and G and an operator S G &(D, G), we write S[ n ] = (®" =1 S)i for each n G N 
and 5 + = (0 neN 5 , [n])r- 
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Construction 5.5. For Banach spaces E and F and T G &(E, F), define T = T, 
^a+i — f° r eacn ordinal a and T a = (©^ <Q ^)r whenever a is a limit 

ordinal. 

With respect to Const ruct ion 15 . 5 [ note that \\T a \\ = \\T\\ for all ordinals a. Our 
counterexamples to the factorization property shall be obtained as direct sums of 
operators obtained via this construction. For this we shall require some estimates 
on the Szlenk and e-Szlenk indices of the operators T a in terms of Sz(T). 

For a noncompact Asplund operator T, let denote the unique ordinal sat- 
isfying Sz(T) = u aT . Then we may write = t]t + u; , where Ct is uniquely 
determined by the Cantor normal form of cut and t\t = inf {r/ \ olt = f] + w'' T }. 
The following result gives the required estimates of Sz(T a ) and Sz £ (T a ), a G Ord. 

Proposition 5.6. Let T be a noncompact Asplund operator. 

(i) Suppose e > is so small that Sz £ (T) > co r,T . Then Sz £ (T Q ) > u VT+a for 
every ordinal a. 

(ii) Sz(T a ) = Sz(T) /or a// a < 

To prove part (i) of Proposition 15.61 we require the following lemma. 

Lemma 5.7. Let Ei, . . . , E n be Banach spaces and K\ C E*[, . . . , K n C u>*- 
compact sets. Consider Yli=i^i as a subset of (®" =1 Ei)\ = (©" =1 E*)^. Then 
for all e > 0, ordinals a and 1 ^ j ^ n, 

K x x . . . x Kj-i x 8 »{Kj) x x...xif n C <(nr=i K i)- ( 5 - 2 ) 
It follows that for all e > and ordinals a, 

nr=i<(^)c,r(nr=i^)- (5.3) 

Proof. We prove (15.21) . with (15.31) then following from n applications of (15.21) . Triv- 
ially, (15.21) holds for a = 0. We now suppose that (3 is an ordinal such that (15.21) 
holds for a — (3, and show that (15. 2p then holds for a — (3 + 1. Fix j G {1, . . . , n}. 

Let (fei, . . • , kn) G Iir=i be such that k j e ( if s e +1 ( K j) is empty then 

we are done) and let V 3 (ki, . . . , k n ) be u>*-open. Then there are u>*-open sets 
Vi C Ef, 1 ^ i < n, such that (fci, . . . , A; n ) G Vi x . . . x V n C V. For 1 < / < m < n 
we shall write i^' m = n™*^ and whm = UZi( V i n Assuming 1 < j < n 
(the argument for the other two cases being similar), we have 

diam(Vn sf(Iir=i^i)) ^ diam((nr=i^) H (K 1 ^- 1 x s%(Kj) x 

= diam^ 1 ^'- 1 x (Vj H sf(i^)) x 
^ diam(^- n sf (!£,•)) 
> e. 

It follows that (h, . . . , kn) G sf +1 (nr=i thus (JS2D holds for a = /3 + 1. 
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Now suppose that is a limit ordinal and that (15. 2p holds for every a < f3. 
Assuming once again, for notational convenience, that 1 < j < n, we have 

K 1 ''- 1 x s^Kj) x K j+1 ' n = 

C 



The inductive proof is now complete. □ 

Remark 5.8. The reverse inclusion to (12. ip also holds; this is achieved by substi- 
tuting u a in place of a in (I5.2p (see the statement of Lemma [2TB]) . 

To prove Proposition I5.6( i). we fix e and proceed via transfinite induction on 
a. Part (i) is trivially true for a = 0. So suppose that (i) holds for some a = 7; 
we show that it then holds for a = 7 + 1. We have Sz £ ((T 7 )[ n ]) > u VT+ ' y ■ n for all 
n G N by Lemma 15.71 hence 

Sz £ (T 7+1 ) ^ supSz £ ((T 7 ) w ) ^ supu/" T+7 • n = u r,T+1+1 . 

nGN neN 

As Sz e (T 7+1 ) cannot be a limit ordinal, we conclude that Sz £ (T 7+1 ) > u rrr+1+1 . In 
particular, assertion (i) of Proposition 15.61 passes to successor ordinals. 

Now suppose that 7 is a limit ordinal and that assertion (i) of Proposition 15.61 
holds for all a < 7. Then 

Sz e (T 7 ) ^ supSz e (T Q ) ^ sup^ T+Q = uj r,T+ \ 

hence Sz e (T 7 ) > u r]T+1 . This concludes the inductive proof of Proposition I5.6f i). 

The proof of assertion (ii) of Proposition 15.61 will take substantially more effort. 
We proceed via a sequence of lemmas, giving proofs as necessary. We must first 
make a note of some convenient notation. For a set A, a family of Banach spaces 
{E\ I A G A}, a family {K\ C \ A G A} of nonempty, absolutely convex, w*- 
compact sets satisfying sup AgA \K\\ < 00, and 1 ^ q < 00, we define 

B q (K\ I A G A) := |J ]Ja x K x , 

OA)AeAGB fq (A) AeA 

and always consider B q (K\ \ A G A) as a subset of (© AeA E\)*, where p is predual 
to q. Such a set B q (K x \ A G A) so defined is bounded and u>*-compact. Indeed, 
if for each A G A we let T A : E\ — > C((K X , w*)) denote the operator that sends 
x G E x to the wAcontinuous map K x — > K : k i->- (k, x), then B q (K x \ A G A) = 

O AeA T A); J B(0 AgA C7 ((XAi „,*)))*. 

Our immediate goal is to establish the following lemma. 



K 1 '*' 1 x (n Q <^e a (^)) x K i+1 ' n 

HaKP^' 1 X S e( K i) X ^' +1,n ) 
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Lemma 5.9. Let Ei, . . . , E n be Banach spaces, Ki C E^, . . . , K n C L7* nonempty, 
absolutely convex, w* -compact sets, e > 0, a a nonzero ordinal and 1 ^ q < oo. 
If s^" (B q (Ki | 1 ^ i ^ n)) 7^ 0, t/ien /or even/ 5 G (0, e) taere is i ^ n st/c/i t/tat 

The proof of Lemma [5.91 is similar to that of [7J Lemma 2.5] (though neither 
Lemma [5.91 above or [TJ Lemma 2.5] are strong enough to be used in place of the 
other). To prove Lemma [5.91 we require the following three preliminary results; 
the first two sublemmas are proved in Lemma 3.5 and Lemma 3.1], and the 
third we shall prove here. 

Sublemma 5.10. Let Ei, . . . , E n be Banach spaces, K\ C E^, . . . , K n C E* 

nonempty, absolutely convex, w* -compact sets, 1 ^ q < oo and I G N. Let 
L = W l n (/ + n l ' q )B^. Then 

B q (Ki | 1 ^i^n) C |J Ilf^ 

Sublemma 5.11. Let E be a Banach space, Kx, . . . , K n C L 1 * w* -compact sets 
and e > 0. Lei a fre an ordinal and m < u. Then: 

(i) «r(ur=i^)^ur=i«r(^)- 

(ii) If a is a limit ordinal, then s^(\j^ =1 K,i) C UiLi s e(-^i)- 

Sublemma 5.12. Lei E%, . . . , E n be Banach spaces and K\ C L^, . . . , Lf n C L7* 
nonempty w* -compact sets. Let 1 ^ g < oo and ^ be real numbers 

such that Xir=i °I ^ 1- P ^ e predual to q and consider HILi a i-^j as a subset 
of (®" =1 LJj)* Taen, /or all e > and ordinals a, 

(n \ n 

liatKAc |J fl^af •«(#<)■ 
i=l ' gi,...,g n <oj i=l 

gi+—+9n= 1 

Proof. We give the proof for the case n = 2, the proof of the general case being 
similar. To minimize the use of subscripts, let a = a±, b = a,2, K = K\ and L = K2; 
our goal is thus to show that for all ordinals a and e > 0: 

sf (aK x 6L) C (asf (K) x 6L) U (aK x bsf(L)) . (5.5) 

We fix e > and proceed via induction on a. To establish (15.51) for a = 0, let 
k & K and / G L be such that 

(aJfe, 6/) G (aK x oL) \ ((as £ (iT) x 6L) U (aLf x bs £ (L))) . 

Then there exist u>*-open sets U 3 k and V 3 I such that diam(Lf D U) ^ e and 
diam(L n 7) ^ e. The u>*-neighborhood := at/ x 6V 9 (afc, 6/) satisfies 

diam((aL: x 6L) n W) s= ((a • diam(L: n t/)) 9 + (6 • diam(L n V)) 9 ) 1/9 ^ e , 
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hence (ak, bl) ^ s e (aK x bL), as required. 

Suppose that (3 is an ordinal such that (I5.5P holds for a — ft. For each j G N 
let rrij = Yjt=i t- establish (15. 5p for a = + 1, we first show that for all j G N, 

3 

sf- m i(aK x 6L) C [J atff- h (K) x 6sf •&'-*>(£) . (5.6) 

For j = 1, (15.61) is the induction hypothesis that (15. 5p holds for a = (3. For j G N 
such that (15.61) holds, it follows by Sublemma 15.111 ((i) if = 0, (ii) if /3 > 0) that 



+'(aK x &L) C s^-O'+i) f (J asf ' h (K) x 6sf ^(L)') 
cU^(o^*(I0x^-*)(L)) 

/i=0 

i+i 



3=0 

hence ( 15. 6 p holds for all j£N (by induction on j). 

By ( I5.6p . for each (x, y) G s^^aif x 6L) = HjeN 5 ^ ^ ( a K x 6L) we have: 

Vm<w 3i(m)^m x G sf- i(m) (if), y G sf . 

If (i(m)) m<w is unbounded in u; then a; G as^' 3+1 (i^), otherwise (m — i(m)) m<ul 
is unbounded in a; and y G 6sf (L). It follows that passes to successor 

ordinals. 

If /3 is a limit ordinal and ( 15. 5 p holds for all a < 0, then a similar argument 
to that used above shows that for (x, y) G (aK x bL) = C\ a< g s^ a (aK x bL) 

we have either x G as°f ' (K) or y G bs^(L). In particular, ( 15. 5 p passes to limit 
ordinals. The inductive proof is now complete. □ 

Proof of Lemma \5.(A Fix 5 G (0, e). Let I ^ 5n 1 / g (£: — 5) _1 be an integer and let 
L = N n n (Z + n 1 ^ q )B£n. By Sublemma 15.101 and the hypothesis of Lemma [5.91 

Thus, since L is finite and u a is a limit ordinal, Sublemma I5.11( ii) ensures the 
existence of (/ii)?=i G L such that 



(5.7) 
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Let p = (1 + 1 . By (15.7)) and the homogeneity of the derivations sj, (where 

7 is an ordinal and e' > 0), we have 




Thus, since IK^r^iLiH^ ^ 1, it follows from (15. 8p and Sublemma 15.121 that there 
is i < n such that s^^) ^ 0. As pe ^ 5, we have sf (Ki) D s^(Ki) D 0. □ 

We will now prove Proposition I5.6( ii). Let T be a noncompact Asplund oper- 
ator, with Sz(T) = u aT (c.f. the paragraph preceding Proposition 15. 6p . If is a 
successor ordinal, then u^ T = 1, hence (ii) holds in this case since T = T. 

Suppose ax is a limit ordinal. For each e > 0, let /3 e = inf {/3 | Sz £ (T) < a/ 3 } 
and z/ e = inf {(3$ \ < 5 < e} (note that (3 £ and z/ e exist for all e > since the set 
{u/ 3 | /3 < a<r} is cofinal in u aT ). Our immediate goal is to show the following: 

Ve > VaG Ord Sz e (T q ) < . (5.9) 

We proceed by induction on a. For e > we have 

Sz e (T ) < u/ E ^ < uA +0+1 , 

hence the estimate of (15.91) holds for a = and all £ > 0. 

Now suppose that 7 is an ordinal such that the estimate of (15.9)) holds for = 7 
and all e > 0; we will show that it then holds for a = 7 + 1 and all e > 0. By the 
induction hypothesis, for every e > we have Sz e (T 7 ) < uA +7+1 . It follows then 
by Lemma [2.61 that 

ye > Vn G N Sz £ ((T 7 ) w ) < c^ £+7+1 . 
Thus, Lemma I5T91 yields 

\/e>p>0 V^GN<°° Sz £ ((e ne ^(T 7 ) [n] ) r ) <u^ +1 . (5.10) 

Moreover, (15.101) implies that 
\/e>p>0 \/FeN <0 ° 

s^((e„^(^)[n]) r ) ^s Z(e+p)/2 ((e n ^(T 7 ) w ) r ) <u^\ (5.11) 

Let D denote the domain of T 7+1 and let K = T* +l B D *, so that w 2 (U^K) is 
empty for every J 7 G N <oc by (15. lip (here Ujr denotes the canonical embedding 
of the £ r -direct sum of the domains of the operators (T 7 )[ n ], n G J 7 , into the £ r - 
direct sum of the domains of the operators (T 7 )[ n i, n G N). It follows then by an 
application of Lemma [4. 71 with 5 = (e + p)/2 and 77,5 = oj Up+,y+1 that 

V £ >p>0 Sz £ (T 7+1 ) ^^ +7+1 -a(||T||,£, (e + p)/2, r(r-l)- 1 ). (5.12) 
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For each e > there exists 7r(e) G (0, e) such that ^(e) = inf{z/ p | < p < e}. We 
have 

= inf v p = inf inf (3 T = inf (3 p = v e , (5.13) 

p£(0,e) pe(0,e) re(0,p) pe(0,e) 

and so from (15.131) and (15.121) (with p = 7r(e)) we have, for every e > 0, 

Sz £ (T 7+1 ) < u v '^ +1 ■ a(\\T\\, e, (e + 7r(e))/2, r(r - l)" 1 ) < w^+^+D+i . 

In particular, the estimate of (15.91) passes to successor ordinals for every e > 0. 

Let 7 be a limit ordinal and suppose that the estimate of (15.91) holds for every 
a < 7 and e > 0. By Lemma [5.91 we have 

Ve>p>0 VJ r G7 < °° Sz £ ((0 QgJ .T Q ) r ) < ^p+^W < ^+7. (5.14) 

Moreover, (15.141) implies that 

Ve>p>0 VJ r G7 < °° 

Sz e ((0a^r Q ) p ) ^Sz (e+p)/2 ((0 Q ^T Q ) r ) (5.15) 

Let -D denote the domain of T 7 and let K = T*B D *, so that s^^^iU^K) is empty 
for every T G N <oc by (15.15P (here Ujr denotes the canonical embedding of the 
£ r -direct sum of the domains of the operators T a , a G J 7 , into the £ r -direct sum 
of the domains of the operators T a , a < 7). It follows then by an application of 
Lemma H~T1 with 5 = (e + p)/2 and r)g = cu Up+ " / that 

Ve>p>0 Sz £ (T 7 ) ^ uA +7 -<x(||T||, £, (e + p)/2, r(r-l)- 1 ). (5.16) 

With 7r(e) G (0, e) as above, taking p = 7r(e) in (15.161) yields 

> Sz £ (T 7 ) < • cr(||T|| 3 e, {e + 7r(e))/2, r(r - l)" 1 ) < . 

This concludes the inductive proof of (15.91) . 

To complete the proof of Proposition 15. 6[ we now only need show how part 
(ii) follows from (15. 9p . On the one hand, it is clear from the construction that T a 
factors T for each ordinal a, hence Sz(T a ) ^ Sz(T). On the other hand, if a < 
then by (15. 9p and the fact that v + u^ T ^ olt whenever v < «r, 

Sz(T a ) = sup Sz £ (T Q ) ^ sa-pu v ' +a+1 s$ sup u v ^ T ^ w QT = Sz(T) . □ 

£>0 £>0 £>0 

Remark 5.13. It is now easy to determine precisely the Szlenk index of the operators 
T a in terms of a and olt- Indeed, if T is a noncompact Asplund operator and a 
an ordinal, then the Szlenk index of T a is given by the equation 

ju aT if a < lo^ t , 

( ° ) = W + + 1 ifa>uA, (5 - 17) 
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where — u^ T + a denotes the unique ordinal order isomorphic to a \ u^ T . To prove 
f)5.17p . one proceeds via tranfmite induction, making use of the following fact: for 
a set A, a family of Asplund operators {S\ | A G A} with sup AgA ||Sa|| < oo, {3 
an ordinal such that sup AeA Sz(S\) ^ co 13 and p = or 1 < p < oo, we have 
S z ((©aga S\)p) ^ W 3+1 . This fact follows easily from Proposition 14. 2\ also from 
the results of J7J . Similar arguments show that if Construction 15.51 is applied to a 
nonzero compact operator T, then for all a > the Szlenk index of T a is u/~ 1+a ) +1 , 
where — 1 + a denotes the unique ordinal order isomorphic to a \ 1. Moreover, in 
this case if a > is of countable cofinality and (a n ) n is a non- decreasing cofinal 
sequence in a, it follows from the properties of Construction 15.51 discussed above 
that (®ti T <*nh e for all n and (0^(0^7^)^ $ SP& a (K p < oo). 

In particular, if a is of countable cofinality, then {5P3f a , is not a S p -pair. 

We require the following result from [7J Proposition 2.18]: 

Proposition 5.14. Let a be an ordinal of countable cofinality. Then there exists 
an operator of Szlenk index u a . 

At last, we are ready to prove Theorem 15.11 For simplicity we shall assume 
> 0, but note that proof in the case of /3 = is achieved by similar arguments 
to those used here. In fact, a different proof altogether for the case (3 = will 
be presented in Section |6j so there is no real loss for us in assuming /3 nonzero. 
Moreover, there is a saving: we need not establish an analogue of Proposition 15.41 
for the case (3 = (though it is not difficult to do so). 

Let (3 be a nonzero ordinal of countable cofinality and fix a superadditive co- 
final sequence for u 13 , which we denote (/3 n )neN- Since the necessary condition for 
membership of Op(SzL a; /3) imposed by Proposition 15 .41 holds for an arbitrary super- 
additive cofinal sequence for w /3 , it suffices to construct an element of SzL w/ 3 that 
fails this necessary condition for our fixed superadditive cofinal sequence (/3 n )neN- 
To this end, let R be an operator such that Sz(R) = tu^ 13 (Proposition I5.14|) and 
note that Sz(m _1 i?) = co^ 13 for all m G N. For each m G N let s(m) G N be so 
large that Sz 1 y 2S ( m ) (m _1 i?) > o>° = 1, and let W m = {m~ x R)p 2 (that is, W m is 
the /3 s ( m )2th operator obtained in the application of Construction 15.51 with initial 
operator m~ l R). Finally, set W = (© meN W m )o- To prove the theorem, we will 
show that W G \ Op(SzL^). 

For each m G N, let E m and F m denote the domain and codomain of W m 
respectively, so that W G ^((0 meN E m ) , (0 meN i r m )o)- Since (3 s(m) 2 < u p for 
every m G N, it follows by Proposition I5.6f ii) that W m G S^S 1 ^ for all m. For each 
m G N, let Z m := V {h ... M Q {li ... M W G ^X„((0 m6N E m ) o , (© meN F m )o) (here 
{1, . . . , m} is considered a subset of the underlying index set of (0 mGN F m ) , and 
V{i,...,m} an d Q{i,..., m } are as defined in Section [Q. Since 

\\W - Z m \\ = sup ||Wfe|| = (m + l)" 1 \\R\\ ^ 

k>m 

and yS^ji is closed, it must be that W G 5?3f u p. 
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On the other hand, by Proposition I5.6( i) we have that for each m G N, 



Sz l/2s(m) (W) ^ Sz l/2a(m) (W m ) = Sz 1/2s(m) Urn R)p s(m)2 ) > ^ s(m)2 . 

Moreover, since ||m _1 i?|| — > 0, it follows that {s(m) | m G N} is unbounded in N. 
Thus, for any ji 6N there is m G N such that s(m) ^ n , and for such m we have 

Sz 1/2s{m) (W) > uA(") 2 ^ uAo-(«o . 

In particular, W ^ Op(SzL w /3) by Proposition 15.41 The proof of Theorem 15.11 is 
complete. 

We now return to our earlier discussion regarding a universal function ip of 
B. Bossard (c.f. the paragraph following the statement of Theorem 14. ip . The 
proof of Theorem 15.11 begins with an appeal to Proposition 15.141 for the existence 
of an operator R having Szlenk index . If /3 < U\, then the construction of 
the operator R provided by the proof of Proposition 2.18] (see Proposition 15. 141 
above) may be effected with the additional property that the domain and codomain 
of R are both norm separable. Under this additional assumption, the domain and 
codomain of the operator W constructed in the proof of Theorem 15.11 above are 
also both norm separable. Moreover, we have Sz(W) = uj^ and W ^ Op(SzL w /3), 
hence Lp^co^ 13 ) > ui^ ' . Thus cp necessarily exceeds the identity mapping of U\ at 
every point of the uncountable set {o; aj/3 | (3 < t^i}. 

6 A class of space ideals associated with the Szlenk 
index 

In this section we consider a family of space ideals indexed by the class of ordinals. 
In particular, we shall consider the following classes, where a is an ordinal: 

Pzl° := {E G Ban | 3c e (0, 1) Bp ^ lVeG (0, 1), sf(B E *) C (l-cs p )B E *} 

and 

PZL Q := {E G Ban | E is linearly isomorphic to some F G PZL° } . 

The motivation for studying these classes is the following proposition, to be 
proved at the end of the current section. 

Proposition 6.1. Let a be an ordinal. Then at most one of the following two 
statements holds: 

(i) Szl q+ i = Pzl«. 

(ii) yS^a+i has the factorization property. 

Thus, with an interest in solving Problem 14.91 we are prompted to ask: 
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Question 6.2. Let a be an ordinal. Is Pzl q = Szl q+1 ? 

For each ordinal a, the inclusion Pzl q C SzL a+1 is attained via an application 
of Proposition 14.31 with (3 = a + 1, (3 £ = u a and 5 £ = 1 — ce p (see also [I3J 
Proposition 2.2]). The decision to consider the classes Pzl q is not arbitrary, for 
Question 16.21 is known to have an affirmative answer in the case a = 0, a result 
due to M. Raja [30] . We thus obtain from Proposition 16. II a proof that 5?3?\ lacks 
the factorization property (Theorem 15. II with (3 = 0). We note that prior to Raja's 
work |30j, it had been shown by H. Knaust, E. Odell and Th. Schlumprecht [IB] 
that every separable space in SzL! belongs to Pzl . 

The first result to be proved in this section is the following. 

Proposition 6.3. Pzl q is a space ideal for each ordinal a. 

To prove Proposition 16. 3[ it suffices to establish the following two facts: 
(I) Let E G Pzl° and let F be a closed linear subspace of E. Then F G Pzl°. 
(II) Let E, F G PZL° . Then E ®oo F G PZL° . 
The proof of (I) is straightforward. Indeed, let % : F E denote the isomet- 
ric linear inclusion operator and let d G (0, 1) and p' ^ 1 be scalars such that 
s^ a (B E *) C (1 — c'e p ')B e * for all e > 0. By Lemma 1231 for every e > we have 

sf(i*B E *) C ••« 2 (2fc.)) C f ((l - ^)B E ^ = (l - ^')B F , . (6.1) 

As s £ a (B E *) = s £ a (i*B E *), it follows from (16. ip that F satisfies the defining prop- 
erty of Pzl° with c = c'/2 p and p = p'. 

The proof of (II) is somewhat more involved. Let d G (0, 1) and p' ^ 1 be such 
that sf{B E ») C (1 - de p ')B E * and sf(B F *) C (1 - de p ')B F * for all £ > 0. We 
introduce the following notation: for e > and a G [0, 1] C R, define 

A a £ := {(&!, 62) G [0, 1] x [0, 1] I ah + (1 - a)6 2 ^ e} . 

We henceforth adhere to the following notational convention: for a w*-compact 
set K and ordinal a, we write Sq(K) = K. As the final step in our preparation to 
prove (II), we state a couple of lemmas: 

Lemma 6.4. Let E be a Banach space, K\, . . . , K n C E* w* -compact sets, e > 
and a an ordinal. Then (U" =1 itj) C |J™ =1 s^, 2 {Ki). 

Lemma 6.5. Let E and F be Banach spaces, a G [0, 1] C M. ; e > and a an 
ordinal. Consider aB E * x (1 — a)B F * as a subset of (E (Boo F)* and let S G (0, e). 
Then 

sf(aB E * x (1 - a)B F *) C |J a<(S^) x (1 - a)<(5 f .) . 
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The proof of Lemma 16.41 is a straightforward transfinite induction (see, for 
example, Lemma 3.1]). Lemma [6.51 follows immediately from [TJ Lemma 3.3]. 

Continuing towards a proof of (II), we consider the following situation: let 
I G N and suppose that ai, a% G R are such that a\ + a 2 ^ 1. For i = 1, 2 let 
li denote the unique integer satisfying ij — 1 < lai ^ k, so that ^ Zj/Z. Then 
Zi + h — 2 < l{a\ + 02) ^ Z, hence l\ + Z 2 ^ Z + 1. By these considerations, and 
by Lemma |6.4[ Lemma [6.51 and the fact that e/9 < el/ (41 + 4) for all Z G N, the 
following holds for every e > 0: 

= sfl [J a-Btf* x (1 - a)5 F * J 

\ as [0,1] / 

/eN V fc=o 

ZGNfc=0 



efl^U U (^(i-^^-xili^d-c'^. 



M ' fc=0 (6 1 ,b 2 )e^ fe/(i+1) 



e/9 



efl^U U (i-='(A«' + ^') 



fe=0 (6 1 ,6 2 )e^ !+l1 
/ - l m 



^n^u u (i-c(^ 1+ ^ 2 r')^ eooF) , 



ieN fc=0 (f»i,b 2 )eA^ i+1 ) 

=n^H(I)> 



Thus E ©oo F satisfies the defining property of Pzl° with c = c '/9 p and p = p . 
This concludes the proof of (II), and it follows that Pzl q is a space ideal for each 
ordinal a. □ 
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We now establish several preliminary results which shall be used to show that 
Op(PzL a ) is never closed. In what follows, we adhere to the usual convention of 
denoting by \a\ the least integer greater than or equal to a given real number a. 

Proposition 6.6. Let a be an ordinal, E and F Banach spaces and T : E — > F 
an operator. If T G Op(PzL a ), then there exist real scalars c G (0, 1) ; d ^ and 
p ^ 1 such that 

n + d 



Sz V2 n(T) <w a 



log 2 (l-c2-"P) 



for every n G N. 



Proof. The result is trivial if T = 0, so we assume henceforth that T ^ 0. As 
T G Op(PZL a ), there is a Banach space D G Pzl° and operators A G £${E^ D) 
and B G @(D, F) such that T = BA, \\A\\ ^ 1 and ||S|| ^ 1. By Lemma the 
bound \\B\\ ^ 1 ensures that Sz e (T) ^ Sz £ (^4) ^ Sz e /2\\A\\(D) for every e > 0. 

Let d G (0, 1) and p ^ 1 be such that sf(B D *) C (1 - c'e p )B D * for every 
£ G (0, 1), let c = c'(2P||)-p and let d = 2 + log 2 For each e G (0, 1) define 



l £ := inf {Z < u\ Sz E / 2 ||A|| (D) ^ co a ■ 1} 



and 



m e := inf {m<co\ 4||A||(1 - ce p ) m ^ e} . 
Fix £ G (0, 1). By the argument used in the proof of Proposition 14.31 for each 



ra<uwe have 



'e/(2\\A\\) 



(B D *) C 1-c' 



p \ m 



5 



B 



D* 



In particular, 



C 3 



e/(2||A||) 



4 A 



hence l e ^ m e + 1. As 1 — ce p G (0, 1), the definition of the logarithm yields 



logi- 



cs? 



4IUI 



log 2 e - log 2 4 - log 2 \\A\ 



log 2 (l-cef) 



log 2 e-d 
log 2 (l - cep) 



It follows now that for each n G N we have 



h/2 n ^ 1 + 



log 2 2-"-d 
log 2 (l - c2-«f) 



n + d 



hence 



Szi/ 2 n(T) ^ Sz 1 /( 2 n+l|| J 4||)(Z)) ^ Id® ■ il/2" ^ W 



log 2 (l-c2-«f) 

n + d 



log 2 (l - c2""f) 



□ 
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Proposition 6.7. Let a be an ordinal, A a set and for each A G A let D\ G SzL a . 
Then(® XeA D x ) ePZL° a . 

Proof. Fix e > and suppose x G s^ a (-B(® A a d a)s)- By Proposition ll.5( v). 
S f (^5 ( e AeA D A)5 ) = af (5(® Ae ,D A)5 ) = for every 7 G A<°°. Applying 
Lemma [4.41 thus yields ||f/^a;|| ^ 1 — e/2 for every J 7 G A <OG , hence 

||x|| = SUp H^jrxH ^ 1 — — . 

j r eA< °= 2 

As x G sf(% i6iD> ) 5 ) was arbitrary, sf (-B(e AeA D A )s) £ ( x - £ / 2 ) 5 (0 AeA ^)S- 
In particular, (© AgA -Da)o satisfies the defining property of Pzl° with c = 1/2 and 
p=l. □ 

Proposition 6.8. For a an ordinal, the class Pzl q \ SzL a is nonempty. 

Proof. Let T = I CQ , the identity operator on cq. For each ordinal a, let T Q be the 
ath operator given by Construction 15. 51 with r = 0, and let E a denote the Banach 
space that is the domain and codomain of T a (so that T a is the identity operator 
on E a ). With 7/^ = and (t — in the notation introduced in the paragraph 
preceding Proposition 15.61 (since Sz(c ) = u), it follows from Proposition I5.6( i) 
that there is e > such that Sz(E a ) = Sz(T Q ) ^ Sz £ (T a ) > u a for all ordinals a. 
We thus have E a Szl q for all a, and so to complete the proof it suffices to show 
that E a G PzL a for all a. In this endeavour, we proceed by transfinite induction 
and recall from the paragraph following Question 16.21 that Pzl q C SzL a+1 for all 
ordinals a. 

For a = 0, we have E = Co G PzL a by an application of Proposition 16.71 with 
A = N and D x = K for all A G A. 

Suppose that a is an ordinal such that Ep G PzLg for all /3 < a. If a 
is a successor ordinal, say a = ( + 1, then since Pzl^ C Szl^ +1 it follows by 
Proposition OK v) that (0" =1 -Ef)i G Szl c+ i for all n G N. By Proposition E7J 

E a = ( ne N(©r=i ^c)i) G P ZL c+i = PzL a) as required. If a is a limit or- 
dinal, then for each /3 < a we have Ep G PzL/3 C SzL/3 + i C Szl q , hence 
E a = (Q)p <a Ep)o G Pzl q by Proposition 16.71 This completes the induction. □ 

Theorem 6.9. For a an ordinal, the operator ideal Op(PzL a ) is not closed. 

Proof. Our proof relies on ideas similar to those used to prove Theorem 15.11 Let 
D G Pzl q \ SzL a (c.f. Proposition 16. 8p and let / denote the identity operator of 
D. As PzL a is a space ideal, (0™ 1 D)i G PzL a for all m G N. 

For each m G N, let s{m) G N be so large that Sz-^^m) (m^ 1 !) > u a , let 



t(m) 



-s(m) 2 



log 2 (l - 2-W 
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and let J m = m l) x G Op(PzL Q ). Finally, we set J = (0 meN J m ) . To 

prove the theorem, we will show that J G Op(PzL a ) \ Op(PzL Q ,). 

For each m 6 N let H m = {(B^ D) v so that J G ^((© meN # m )o). For 
each m, let L m = V{i v .. m }(5{i,...,m}^ G Op(PzL a ) (here {1, . . . , m} is considered a 
subset of the underlying index set of (© meN H m ) , and V{i t ,„ im y and (5{i,..., m } are 
as defined in Section [1]). Then \\L m — J\\ = sup fc>m \\Jk\\ — (m + l)^ 1 — >■ 0, hence 
J G Op(PZL Q ). 

On the other hand, by Lemma 15.71 we have that for each m G M, 



Sz 1/2S ( m )(J) ^ Sz 1/2S ( rri )(J m ) > u a ■ t(m) 



—s(m) 



log 2 (l - 2-< m ) 2 ) 



Moreover, since ||m — >■ 0, it follows that {s(m) \ m G N} is unbounded in N. 
Thus, for any c G (0, 1), d ^ and p ^ 1 there ismGN such that 



-s(m) 



bg 2 (l-2-M a ) 



log 2 (l - c2- s ( m )p) 



and for such m we have 



(J) > u c 



1 - 



s(m) + d 



log 2 (l - c2" s ( m )p) 



We have now shown that J does not satisfy the conclusion of Proposition 16.61 
hence J £ Op(PzL a ). □ 

Remark 6.10. Earlier in this section it was mentioned that recent work of M. Raja 
[3D] , which removed the separability hypothesis from earlier work of H. Knaust, 
E. Odell and Th. Schlumprecht [TS], leads to a different proof of the fact that S^3f\ 
lacks the factorization property. However, it is not difficult to see that the greater 
generality of Raja's result is in fact not needed to establish the alternative proof. To 
see why this is so, let Sep denote the space ideal consisting of all separable Banach 
spaces. Taking D = cq in the proof of Theorem l6.91 one obtains an operator J such 
that the domain of J is separable and J e t 5^S P i\Op(PzL ). If it were the case that 
J G Op(SzLi), then it would follow from the separability of the domain of J and 
the main result of [H] that J G Op(SzLi n Sep) = Op(PzL n Sep) C Op(PzL ) - 
a contradiction. Thus J ^ Op(SzLi), hence SzLi lacks the factorization property. 

We conclude our results with the following proof, promised at the beginning of 
the section. 



Proof of Proposition^ Trivially, Op(PzL a ) C Op(SzL Q+ i) C y5 Q+ i. Note 
that statement (i) of the proposition implies Op(PzLo,) = Op(SzLq, + i), whilst 
statement (ii) of the proposition implies Op(SzL Q+1 ) = y3f a+ \. As y3? a+ i is 
closed and Op(PzLq,) is not, the inclusion Op(PzL Q ) C y2f a+ \ is strict, hence (i) 
and (ii) cannot both hold. □ 
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7 Concluding remarks 

We have shown that the operator ideals S^H^^ fail to have the factorization property 
for a large (indeed, proper) class of ordinals a. However, we have not addressed 
here the possibility of the operator ideals 5?3f a possessing some sort of approximate 
factorization property. Noting that S^3^ a is closed, injective and surjective for every 
a, it is worth considering whether there is some composition of the closed, injective 
and surjective hull procedures that yields SzL a from Op(SzL a ) for every ordinal 
a. We give some possible examples of such compositions via the open questions 
below: 

Question 7.1. Let a be an ordinal. Is 5^3f a = Op(SzL a )? 



Question 7.2. Let a be an ordinal. Is ^3f a = ( Op(SzL a ) 




Note that the injective and surjective hull procedures commute; that is, L^ m ^Y 

(ysurynj for 

every operator ideal y (c.f. [2H1 Proposition 4.7.20]). Evidently, 
Corollary 14.81 ensures that the answer to Question 17.11 and Question 17.21 is yes in 
both cases when a is of uncountable cofinality. We do not know if the counterex- 
ample constructed in the proof of Theorem 15.11 provides a counterexample to either 
of the two questions above. It is well-known that in the case a = 0, the answer to 
Question 17. II is no and the answer to Question 17.21 is yes. Indeed, in this case S?3? a 
is precisely the class of compact operators, whilst Op(SzL a ) is the class & of finite 
rank operators; it is well-known that C & 3 = JfT. However, nothing appears 
to be known for Question 17.11 and Question 17.21 in the case that < cf (a) ^ uj. 

Besides answering Question 16.21 in the affirmative, one could possibly show that 
the operator ideals S^Sf^x ( a Ord) lack the factorization property by following 
a line of inquiry such as the following. Let a be an ordinal and E e SzL a+1 . 
For each e > 0, let m £ = inf {m < u \ Sz £ (E) < u a ■ m} (note that m £ exists for 
every e). We ask: What special properties do the numbers m £ have? Are they 
submultiplicative with respect to e? Do they satisfy some other general property 
that ensures that the growth of the e-Szlenk indices of elements of Op(SzL a+1 ) is 
restricted in some useful way? The straightforward homogeneity argument used 
by Lancien in [2Tj to establish the submultiplicity of the e-Szlenk indices of a 
given Banach space does not seem to be sufficient for a useful analysis of growth 
properties of the numbers m e , so a more subtle argument is likely to be required 
if this direction of inquiry is to prove fruitful. 

More generally, to investigate whether Sf3f a has the factorization property 
for a an ordinal of countable cofinality, and not of the form u 13 for any 0, one 
possibility would be to consider growth properties of a family of ordinals a £ , e > 0, 
or perhaps of a (finite or infinite) sequence of ordinals (a e . n ) n , defined in terms of 
the derivations and depending in some way on the Cantor normal form of a. 
It would also be interesting to know whether such growth conditions are sufficient 
for factorization through a Banach space whose Szlenk index does not exceed u a . 
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